We study the electromagnetic (EM) transitions of the nS , nP (n ≤ 3), and nD (n ≤ 2) charmonium states with a constituent quark model. We obtain a reasonable description of the EM transitions of the well-established charmonium states J/ψ, ψ(2S ), χ cJ (1P), h c (1P) and ψ(3770). We find that the M2 transitions give notable corrections to some E1 dominant processes by interfering with the E1 transitions. Our predictions of EM decay properties for the higher charmonium states are also presented and compared with other model predictions. In particular, we discuss the EM decay properties of some "XYZ" states, such as X (3823) 
I. INTRODUCTION
During the past a few years, great progress has been made in the observation of the charmonia [1] [2] [3] . From the review of the Particle Data Group (PDG) [4] , one can see that a fairly abundant charmonium spectroscopy has been established, and many new charmonium-like "XYZ" states above open-charm thresholds have been discovered from experiments. The observations of these new states not only deepen our understanding of the charmonium physics, but also bring us many mysteries in this field to be uncovered [2, 5] . If these newly observed "XYZ" states are assigned as conventional charmonium states, some aspects, such as measured mass and decay properties are not consistent with the predictions. Thus, on one hand we should test the validity of the previous theoretical models in the descriptions of the new states, and at the same time develop new approaches to study these new states. On the other hand, one should consider these new charmoniumlike "XYZ" states as exotic states and attempt to establish a new hadron spectroscopy [6] .
Stimulated by the extensive progress made in the observation of the charmonia, in this work we study the electromagnetic (EM) transitions of charmonium in a constituent quark model. As we know, the EM decays of a hadron are sensitive to its inner structure. The study of the EM decays not only is crucial for us to determine the quantum numbers of the newly observed charmonium states, but also provides very useful references for our search for the missing charmonium states in experiments. To deal with the EM decays, beside the widely used potential models [7] [8] [9] [10] [11] , some other models, such as lattice QCD [12] [13] [14] [15] , QCD sum rules [16] [17] [18] , effective Lagrangian approach [19, 20] , nonrelativistic effective field theories of QCD [21] [22] [23] , relativistic quark model [24] , relativistic Salpeter method [25] , light front quark model [26] , and Coulomb gauge approach [27] have been employed in theory. Although some comparable predictions from different models have been obtained, strong model dependencies still exist. * E-mail: zhongxh@hunnu.edu.cn The constituent quark model used in present work has been well developed and widely applied to meson photoproduction reactions [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Its recent extension to describe the process of πN and KN scattering [41] [42] [43] [44] and investigate the strong decays of baryons [45] [46] [47] and heavy-light mesons [48] [49] [50] [51] also turns out to be successful and inspiring. In this model, to describe the EM transitions of a composite system a special EM operator is adopted, in which the effects of binding potential is included. Furthermore, the possible higher EM multipole contributions to a EM transition process can be included naturally. We expect that our descriptions of the EM transitions of the heavy quarkonium are more successful than those of strong decays of heavy-light mesons or baryons. The reasons are that (i) there is no light quark in the heavy quarkonium, thus, the relativistic effects from the constituent quark are strongly suppressed; (ii) the quark-photon EM coupling used in the EM transitions is well-defined and model independent, however, the nonperturbative quark-meson strong couplings used in the strong decay processes are still effective interactions; (iii) the electric transitions are independent on the heavy constituent quark mass, however, the strong decay processes have some dependencies on the constituent quark mass; (iv) it is natural to consider the emitted photon as a pointlike particle in the EM transitions, however, it is only an approximation to consider the emitted light pseudoscalar meson as a pointlike particle in the strong decay processes.
The paper is organized as follows. In Sec. II, a brief review of charmonium spectroscopy in the constituent quark model is given. In Sec. III, an introduction of EM transitions described in the constituent model is given. The numerical results are presented and discussed in Sec. IV. Finally, a summary is given in Sec. V.
II. CHARMONIUM SPECTROSCOPY
For a quarkonium QQ state, its flavor wave function should have a determined C-parity. For a C = +1 state, its flavor wave function is
while for a C = −1 state its flavor function is
The usual spin wave functions are adopted. For the spin S = 0 state, it is
and for the spin S = 1 states, the wave functions are
In this work, the space wave function of a charmonium state is adopted by the nonrelativistic harmonic oscillator wave function, i.e., ψ n Lm = R nL Y Lm . Where n is the radial quantum number, L is the quantum number of relative orbital angular momentum between quark and antiquark, and m is the quantum number of the third component of L. The detail of the space wave functions can be found in our previous work [48] .
The total wave function of a QQ system is a product of the spin-, flavor-, spatial-, and color-wave functions, which should be antisymmetric under the exchange of the two quarks for the constraint of the generalized Pauli principle . The color wave function is always symmetric, thus, the product of the spin-, flavor-, and spatial-wave functions should be antisymmetric. The spectroscopy of some S -, P-, and D-wave charmonium states classified in the constituent quark model has been listed in Tabs. I.
III. EM TRANSITIONS IN THE QUARK MODEL
In this section, we give an introduction of the model used in the calculations. The quark-photon EM coupling at the tree level is described by
where ψ j stands for the j-th quark field in a hadron. The photon has three momentum k, and the constituent quark ψ j carries a charge e j . Replacing the spinor ψ j by ψ † j so that the γ matrices are replaced by the matrix α, the EM transition matrix elements for a radiative decay process can be written as [29] 
where |i and | f stand for the initial and final hadron states, respectively, and ǫ is the polarization vector of the photon. 
By using the identity [29, 52] 
we have
with
and
In Eq. (9), E i , E f and ω γ stand for the energies of the initial hadron state, final hadron state and emitted photon, respectively. In the initial-hadron-rest system, we have
Thus, we obtain
In this model, the wave function of a hadron is adopted by the nonrelativistic (NR) harmonic oscillator wave function, i.e., ψ n Lm = R nL (r)Y Lm (Ω). To match the NR wave functions of hadrons, we should adopt the NR form of Eq. (10) in the calculations. Following the procedures used in [29, 52] , we obtain the NR expansion of h e in Eq. (10) , which is given by
It is interesting to find that the first and second terms in Eq. (14) are responsible for the electric and magnetic transitions, respectively. The second term in Eq. (14) is the same as that used in Ref. [7] , while the first term in Eq.(14) differs from (1/m j )p j · ǫ used in Ref. [7] for the effects of the binding potential is included in the transition operator. Finally we can relate the standard helicity amplitude A of the EM decay process to the amplitude M in Eq.( 13) by the relation
It is easily found that the helicity amplitudes for the electric and magnetic transitions are
In the initial-hadron-rest system for the radiative decay precess, the momentum of the initial hadron is P i = 0, and that of the final hadron state is P f = −k. Without losing generals, we select the photon momentum along the z axial (k = kẑ), and take the the polarization vector of the photon with the righthand form, i.e., ǫ = − (1, i, 0), in our calculations. To easily work out the EM transition matrix elements, we use the multipole expansion of the plane wave
where j l (x) is the Bessel function. Then, we obtain the matrix element for the electric multipole transitions with angular momentum l (El transitions):
where
2l+1 . We also obtain the matrix element for the magnetic multipole transitions with angular momentum l (Ml transitions):
, and σ + = 1 2 (σ x + iσ y ) is the spin shift operator. Obviously, the El transitions satisfy the parity selection rule:
l ; while the Ml transitions satisfy the parity selection rule:
l+1 , where π i and π f stand for the parities of the initial and final hadron states, respectively.
Finally, using the parity selection rules, one can express the EM helicity amplitude A with the matrix elements of EM multipole transitions in a unified form:
which is consistent the standard multipole expansion in Ref. [53] . Combining the parity selection rules, we easily know the possible EM multipole contributions to a EM transition considered in present work, which are listed in Tab. II. 
With these helicity amplitudes A worked out according to Eq.(21), one obtains the partial decay widths of the EM transitions by
where J i is the total angular momenta of the initial mesons , J f z and J iz are the components of the total angular momentum along the z axis of initial and final mesons, respectively. In the calculation, the standard parameters of the quark model are adopted, no free parameters to be fitted. For the oscillator parameter in the harmonic oscillator wave function we use α = 400 MeV, and for the constituent c quark mass we adopt m c = 1500 MeV. For the fine-structure constant, we use α EM ≡ e 2 /(4π) = 1/137. For the well-established charmonium states, their masses are adopted the experimental average values from the PDG [4] . While for the missing charmonium states, their masses are adopted from the theoretical predictions.
IV. RESULTS AND DISCUSSIONS
The J/ψ → η c (1S )γ is a typical M1 transition. According to our calculation, we find that the partial decay width of this process is proportional to ω About the transition J/ψ → η c (1S )γ, discrepancies still exist between the theoretical predictions and experimental measurements. For example, the calculations from NR potential model [9] and Coulomb gauge approach [27] give a large width Γ[J/ψ → η c (1S )γ] ≃ 2.9 keV, which is about a factor of 2 larger than the world average experimental value Γ(J/ψ → η c γ) ≃ 1.58 ± 0.37 keV from the PDG [4] . In this work, our predicted partial decay width for the J/ψ → η c (1S )γ transition is
which is close to the world average data [4] , and also in agreement with the values 1.05 keV and (1.5 ± 1.0) keV predicted in the frameworks of relativistic quark model [24] and NR effective field theories of QCD [21, 23] , respectively. However, the recent measurements at KEDR give a large partial decay width
−0.33 keV [54] , which is consistent with the lattice QCD results 2.4 − 2.9 keV [12] [13] [14] [15] , the prediction of Coulomb gauge approach [27] , and that of NR and GI potential models [9] (see Tab. III). Finally it should be mentioned that Li and Zhao studied the intermediate hadronic meson loop contributions to the J/ψ → η c (1S )γ process, which might provide explicit corrections to the M1 transition as well [55, 56] . We hope more efforts on the experimental side will be devoted to clarify the disagreement among various experiments.
B. Radiative transitions of 2S states

ψ(2S )
The ψ(2S ) resonance, i.e., ψ(3686), can decay into χ cJ (1P)γ and η c (1S , 2S )γ channels, which have been observed in experiments. The ψ(2S ) → χ cJ (1P)γ decay processes are governed by the E1 transitions. While the ψ(2S ) → η c (1S , 2S )γ are typical M1 transitions.
Our predicted partial decay widths for the ψ(2S ) → χ cJ (1P)γ processes are
From Tab. IV, one can see that our results for the ψ(2S ) → χ c0 (1P)γ, χ c1 (1P)γ processes are in good agreement with the experimental data, and the predictions of the GI potential model [9] and relativistic quark model [24] . However, our prediction of the partial decay width
keV is about a factor of 1.8 narrower than the world average data [4] . It should be mentioned that according to the study in Ref. [57] , the higher term corrections from the coupled-channel effects of intermediate charmed mesons to the ψ(2S ) → χ cJ (1P)γ processes are negligibly small. Furthermore, it is interesting to find that our predicted partial width ratios
are in good agreement with the corresponding values 0.60 and 0.86 predicted with NR potential models [9] , although their partial widths are larger than ours. We hope these ratios can be measured in future experiments. Finally, it should be mentioned that the M2 transitions can affect the translations of ψ(2S ) → χ cJ (1P)γ slightly by interfering with the E1 transitions. Including the effects of M2 transitions, we find that the descriptions of the transitions of ψ(2S ) → χ c0 (1P)γ, χ c1 (1P)γ become better compared with the data (see Tab. III).
For the typical M1 transitions ψ(2S ) → η c (1S , 2S )γ, our predicted partial decay widths are
From Tab. III, we see that our results are close to the average data from the PDG [4] and the predictions of relativistic quark model [24] . The prediction of
keV from Lattice QCD is notably smaller than our result [13] . However, the partial decay width of Γ[ψ(2S ) → η c (1S )γ] is notably overestimated in the framework of GI and NR potential models [9] . It should be emphasized that the intermediate hadronic meson loop might provide explicit corrections to the ψ(2S ) → η c (1S , 2S )γ process [55, 56] . More studies of the M1 transitions ψ(2S ) → η c (1S , 2S )γ are needed in theory.
η c (2S )
The η c (2S ) resonance can decay into h c (1P)γ and J/ψγ by the E1 and M1 transitions, respectively. Our predicted partial decay width for the η c (2S ) → h c (1P)γ process is
From Tab. IV, it is seen that the predictions of the GI and NR potential models [9] and relativistic quark model [24] are about a factor of 2 larger than our result. While our predicted partial decay width
is in good agreement with the prediction of relativistic quark model [24] (see Tab. III). The recent calculation from Lattice QCD gives a fairly large width Γ[η c (2S ) → J/ψγ] = (15.7 ± 5.7) keV [58] , which is about an order of magnitude larger than our prediction. Furthermore, the calculations from potential models also give a large width Γ[η c (2S ) → J/ψγ] = (5.6 ∼ 7.9) keV [9] . The radiative transitions η c (2S ) → h c (1P)γ, J/ψγ are still not measured in experiments. For the very different predictions of these decays in theory, we hope some observations can be carried out in future experiments.
C. Radiative transitions of 1P states
For the triplet 1P states χ cJ (1P) (J = 0, 1, 2), their main radiative transitions are χ cJ (1P) → J/ψγ. In these decay processes, except for the dominant E1 transitions, the M2 transitions are allowed as well. Neglecting the effects of the M2 transitions, we find the partial decay widths of
2 )ω γ . We note that the photon energy ω γ is very close to the oscillator parameter α (i.e., ω γ ∼ α), thus, one can easily find that
From Tab. IV, we find that our predictions of Γ[χ c0,1 (1P) → J/ψγ] are in good agreement with the world average data from the PDG [4] . While our prediction of
is slightly (a factor of 1.26 ) larger than the present average data (371 ± 34) keV [4] . It is interesting to find that the E1 transitions of χ cJ (1P) → J/ψγ predicted by us are in good agreement with those of NR potential model [9] . Furthermore, to understand the radiative transition properties of χ c0,1 (1P) some studies were carried out from Lattice QCD as well [12, 14] , however, good descriptions are still not obtained for some technical problems. It should be emphasized that the M2 transitions have obvious corrections to the radiative transitions of χ cJ (1P) → J/ψγ by interfering with the E1 transitions. In the χ c2 (1P) → J/ψγ process, the M2 transition has a constructive interference with the E1 transition, while in the χ c1,0 (1P) → J/ψγ processes, the M2 transition has a destructive interference with the E1 transition. The corrections from the M2 transition might reach to (10 ∼ 20)% of the partial decay widths (see Tab. IV). Furthermore, the partial width ratios were also obviously affected by the corrections from the M2 transition. For example, considering the M2 contributions, we find that the partial width ratio of
is notably larger than the value 2.54 without M2 contributions. This ratio is expected to be tested by more precise measurements in the future. Recently, the coupled-channel effects of intermediate charmed mesons on the radiative transitions χ cJ (1P) → J/ψγ were also studied with an effective Lagrangian approach in Ref. [57] , the results show that the coupled-channel effects on these decay processes are relatively weak.
h c (1P)
For the singlet h c (1P) state, its main radiative transition is
is in good agreement with the predictions from the relativistic quark model [24] and Lattice QCD [12] , and also consistent with the data within its large uncertainties [4] (see table IV ). The NR and GI potential models and Coulomb gauge approach [27] give a notably narrower width than ours [9] . It should be mentioned that the recent lattice calculation gave a larger width of Γ[h c (1P) → η c γ] = 720(70) keV. Similar result was also obtained with a light front quark model [26] . As a whole, there are large discrepancies between different model predictions of
However, the present world data can not be used to test the various predictions for their large uncertainties. More accurate measurements for the transition h c (1P) → η c γ are needed. Finally, we give an estimation of partial decay width for the
The corresponding branching ratio is
This sizeable transition rate indicates that the M1 transition h c (1P) → χ c0 (1P)γ might be observed in forthcoming experiments.
D. Radiative transitions of 1D states
ψ(3770)
The ψ(3770) resonance is primarily a ψ 1 (1D) state with small admixtures of ψ(2S ) [1] . It can decay into χ cJ (1P)γ. These decay processes are dominated by the E1 transition. Furthermore, the higher order E3, M2 and M4 transitions are allowed as well.
Considering ψ(3770) as a pure ψ 1 (1D) state, we calculate the radiative decay widths of Γ[ψ(3770) → χ cJ (1P)γ]. Our results
are consistent with the world average data from PDG [4] , and also very close to the predictions of GI model [9] (see Tab. VI). It is interesting to find that recently the BESIII Collaboration gave their precise measurement of the partial width of Γ[ψ(3770) → χ c1 (1P)γ] = 67.5 ± 10.8 keV [79] , which is in good agreement with our prediction. Furthermore, our predicted partial width ratio
is in good agreement with the experimental data 2.5±0.6 from CLEO Collaboration as well [59] . It should be emphasized that the M2 transitions also have an obvious contribution [about (10 ∼ 15)%] to the radiative transitions of Γ[ψ(3770) → χ cJ (1P)γ] by interfering with the E1 transitions.
Finally, it should be mentioned that the present measurements for the radiative transitions of ψ(3770) → χ cJ (1P)γ are not precise enough to determine the small mixing angle between ψ 1 (1D) and ψ(2S ).
X(3823)
Recently, X(3823) as a good candidate for ψ 2 (1D) was observed by the Belle Collaboration in the B → χ c1 γK decay with a statistical significance of 3.8σ [60] . Lately, this state was confirmed by the BESIII Collaboration in the process
γ with a statistical significance of 6.2σ [61] .
Considering X(3823) as the ψ 2 (1D) state, we predict the radiative decay widths of Γ[X(3823) → χ cJ (1P)γ]. Our results are
Where we can find that the radiative transition rate of X(3823) → χ c0 (1P)γ is relatively small. The radiative transitions of X(3823) are dominated by the χ c1 (1P)γ channel.
This can explain why the X(3823) is firstly observed in the χ c1 (1P)γ channel, while not observed in the χ c0,c2 (1P)γ channels. It should be mentioned that the M2 transitions could give a ∼ 15% correction to Γ[X(3823) → χ c2 (1P)γ] by interfering with the E1 transitions. Furthermore, Our predicted partial width ratio,
is consistent with the observations < 42% [61] . Our predictions of the Γ[X(3823) → χ c1,c2 (1P)γ] are compatible with the other theoretical predictions [9, 24, 62, 63] . According to the calculations from various models, the partial width of Γ[X(3823) → χ c2 (1P)γ] is not small. Thus, looking for X(3823) in the χ c2 (1P)γ channel and an accurate measurement of the ratio
Another two 1D-wave states ψ 3 (1D) and η c2 (1D) have not been observed in experiments. According to theoretical predictions, their masses are very similar to that of ψ 2 (1D). If X(3823) corresponds to the ψ 2 (1D) state indeed, the masses of the ψ 3 (1D) and η c2 (1D) resonances should be around 3.82 GeV.
For the singlet 1D state η c2 (1D), its main radiative transition is η c2 (1D) → h c (1P)γ. This process is governed by the E1 transition, the effects from the E3 transition are negligibly small. Taking the mass of η c2 (1D) with M = 3820 MeV, we predict the partial decay width
Our result is compatible with that from the relativistic quark model [24] and effective Lagrangian approach [19] . The predictions from the potential models [9, 10] are slightly larger than ours (see Tab. VI). While for the triplet 1D state ψ 3 (1D), its common radiative transitions are ψ 3 (1D) → χ cJ (1P)γ. In these transitions, E1, E3, M2, M4 decays are allowed. Taking the mass of ψ 3 (1D) with M = 3830 MeV, we calculate the partial decay widths
The interferences between M2 and E3 transitions are responsible for the tiney partial decay widths of Γ[ψ 3 (1D) → χ c0,c1 (1P)γ], while the E1 transitions govern the partial width of Γ[ψ 3 (1D) → χ c2 (1P)γ]. The magnitude of the partial decay width of Γ[ψ 3 (1D) → χ c2 (1P)γ] predicted by us is compatible with that from the potential models [9, 10] and the relativistic quark model [24] . We hope the experimental Collaboration can carry out a search for the missing ψ 3 (1D) state in the χ c2 (1P)γ channel.
E. Radiative transitions of 2P states
In the 2P charmonium states, only the χ c2 (2P) has been established experimentally. This state was observed by both Belle [64] and BaBar [65] in the two-photon fusion process γγ → DD with a mass M ≃ 3927 MeV and a narrow width Γ ≃ 24 MeV [4] . We analyze its radiative transitions to ψ(1D)γ, J/ψγ and ψ(2S )γ. We find the radiative transition rate to ψ(1D)γ is very weak. The predicted partial decay widths are
In the calculation we take the mass of 3830 MeV for
are roughly compatible with the results from the GI potential model [9] (see Tab. IV). However, our prediction of the Γ[χ c2 (2P) → ψ 3 (1D)γ] is about an order of magnitude smaller than that from the GI and NR potential models [9] (see Tab. V). Our predictions indicate that it might be a challenge to look for the missing charmonium state ψ 3 (1D) via the radiative transition χ c2 (2P) → ψ 3 (1D)γ. The χ c2 (2P) state might have large radiative decay rates into J/ψγ and ψ(2S )γ. In our calculations, we find
It should be mentioned that the M2 transitions could give a ∼ 10 − 15% correction to these radiative decay widths by interfering with the E1 transitions. The branching fractions of these two radiative decay process could reach to
Thus, the radiative transitions χ c2 (2P) → ψ(2S )γ, J/ψγ are most likely to be observed in forthcoming experiments. Finally, it should be pointed out that our predicted partial width ratio
is in good agreement with that of GI and NR potential model, though their predicted partial widths are about a factor of 2 − 3 larger than our results. Our predicted ratio is slightly larger than the result 2.95 ± 0.5 predicted with an effective Lagrangian approach [19] . To better understand the properties of the χ c2 (2P) state and test the various theoretical predictions, this ratio is suggested to be measured in experiments.
χ c1 (2P)
The X(3872) resonance has the same quantum numbers as χ c1 (2P) (i.e., J PC = 1 ++ ) and a similar mass to the predicted value of χ c1 (2P). However, its exotic properties can not be well understood with a pure χ c1 (2P) state [5, 6] . To understand the nature of X(3872), measurements of the radiative decays of X(3872) have been carried out by the BaBar [66] , Belle [67] , and LHCb [68] collaborations, respectively. Obvious evidence of X(3872) → J/ψγ was observed by these collaborations. Furthermore, the BaBar and LHCb Collaborations also observed evidence of X(3872) → ψ(2S )γ. The branching fraction ratio
obtained by the BaBar Collaboration [66] is consistent with the recent measurement R exp ψ ′ γ/ψγ = 2.46 ± 0.93 of LHCb Collaboration [68] .
Considering the X(3872) as a pure χ c1 (2P) state, we calculate the radiative decays X(3872) → J/ψγ, ψ(2S )γ. Our predicted radiative decay partial widths are
It should be mentioned that the M2 transitions could give a ∼ 10% correction to the radiative decay widths. Combing these predicted partial widths, we can easily obtain the ratio
which is consistent with the BaBar's measurement [66] , and close to the upper limit of the observations from LHCb [68] . The ratio predicted by us is also in agreement with the result R th ψ ′ γ/ψγ ≃ 4.4 from a relativistic Salpeter method [10, 25] . It should be mentioned that Barnes and Godfrey gave a ratio R th ψ ′ γ/ψγ ≃ 6 [8] , which is obviously larger than ours although their predicted partial widths are close to ours.
Furthermore, considering X(3872) as a pure χ c1 (2P) state, we calculate the radiative decays into the D-wave states ψ(3770) and ψ 2 (1D) (i.e., X(3823)):
These partial widths are much smaller than the partial widths into the S -wave states. Combining the measured width of X(3872) (i.e., Γ < 1.2 MeV) from the PDG [4] , we estimate the branching ratios
The sizeable decay rates indicate that the decay modes ψ(3770)γ and ψ 2 (1D)γ might be observed in experiments if X(3872) corresponds to the χ c1 (2P) state indeed. As a whole, from the view of branching fraction ratio R ψ ′ γ/ψγ , our result supports X(3872) as a candidate of χ c1 (2P), which is in agreement with the predictions in Refs. [10, 25] . More observations in the ψ(3770)γ and ψ 2 (1D)γ channels are useful to understand the nature of X(3872).
The χ c0 (2P) state is still not well-established, although X(3915) was recommended as the χ c0 (2P) state in Ref. [69] , and also assigned as the χ c0 (2P) state by the PDG [4] recently. Assigning the X(3915) as the χ c0 (2P) state will face serval serious problems [70, 71] . For example, the mass splitting between χ c0 (2P) and χ c2 (2P), the production rates, and limits on the ωJ/ψ and DD branching fractions of X(3915) can not be well explained. Guo and Meissner refitted the BaBar and Belle data of γγ → DD separately, their analysis indicates that the broad bump in the invariant mass spectrum could be assigned as the χ c0 (2P) state [70] . Its average mass and width are M = (3837.6 ± 11.5) MeV and Γ = (221 ± 19) MeV, respectively [70] . The extracted mass of χ c0 (2P) is consistent with the predictions in the screened potential model [10] and relativistic quark model [24] . Recently, Zhou et al. carried out a combined amplitude analysis of the γγ → DD, ωJ/ψ data [72] . They demonstrated that X(3915) and X(3930) can be regarded as the same state with J PC = 2 ++ (i.e., χ c2 (2P)). To establish the χ c0 (2P) state and clarify the controversial situation of X(3915), a study of the radiative transitions of χ c0 (2P) in both theory and experiment is necessary. The χ c0 (2P) state can decay via the radiative transitions χ c0 (2P) → ψ(3770)γ, ψ(2S )γ, J/ψγ. For we do not know the accurate mass of χ c0 (2P), we calculate the properties of these radiative transitions as a function of the mass in the region (3820 ∼ 3940) GeV. Our results are shown in Fig. 1 . From the figure, one can find that the radiative transitions of χ c0 (2P) → ψ(3770)γ, ψ(2S )γ are sensitive to the mass of χ c0 (2P).
If χ c0 (2P) has a low mass of M ≃ 3840 MeV as suggested by Guo and Meissner [70] , ψ(2S )γ and J/ψγ are the important radiative decay modes. The predicted partial decay widths are
and the predicted partial width ratios are
On the other hand, if χ c0 (2P) has a high mass of M ≃ 3915 MeV as suggested by the PDG [4] , the radiative decay mode ψ(3770)γ also becomes important. Our predicted partial decay widths are
While the predicted partial width ratios are
According to our calculations, we find that the properties of the radiative transitions of χ c0 (2P) between the lowand high-mass cases are very different. Thus, we suggest our experimental colleagues observe the χ c0 (2P) state in the ψ(2S )γ, J/ψγ, ψ(3770)γ decay channels and measure these partial width ratios, which might provide us a good chance to clarify the puzzles about the χ c0 (2P) state.
h c (2P)
There is no information of h c (2P) from experiments. According to the model predictions, the mass-splitting between χ c2 (2P) and h c (2P) is about M χ c2 (2P) − M h c (2P) = (30 ± 10) MeV [9] [10] [11] . Thus, the mass of h c (2P) is most likely to be M h c (2P) ≃ 3900 MeV. The typical radiative decay channels of h c (2P) are η c (1S , 2S )γ and η c2 (1D)γ.
Considering the uncertainties of the mass, in Fig. 2 we plot the partial decay widths as a function of mass in the range of M h c (2P) = (3900 ± 20) MeV. It is found that the radiative transition rate of h c (2P) → η c2 (1D)γ is very weak. While h c (2P) has large transition rates to the η c (1S )γ and η c (2S )γ channels. 
The rather sizeable partial widths of h c (2P) → η c (1S , 2S )γ are also obtained in the potential model calculations [9] [10] [11] . Thus, the radiative transitions h c (2P) → η c (1S , 2S )γ are worth to observing in experiments. Recently, the BESIII Collaboration observed a new neutral charmonium-like particle Z c (3900) 0 in the e + e − → π 0 π 0 J/ψ process [73] , which is likely the isospin partner of Z c (3900) ± . It should be mentioned that the possibility of the Z c (3900) 0 as a candidate of h c (2P) should be considered carefully as well.
F. Radiative transitions of 3S states
ψ(4040)
The ψ(4040) resonance is commonly identified with the ψ(3S ) state [1] . This state can decay into χ cJ (1P)γ and χ cJ (2P)γ via the radiative transitions. We have calculated these precesses. According to our calculations, it is found that the radiative transition rates of ψ(4040) → χ cJ (1P)γ are relatively weak. Our predicted partial widths are
The small partial decay widths of Γ[ψ(4040) → χ cJ (1P)γ] are also predicted with potential models [9, 11] . Recently, the Belle Collaboration observed the processes e + e − → χ c1,c2 (1P)γ [74] It is interesting to find that the radiative transition rates of ψ(4040) → χ cJ (2P)γ are not small in theory. The decay rates to the χ cJ (2P)γ channels are about one order of magnitude larger than those of the χ cJ (1P)γ channels. We predict
Our result is compatible with the NR potential model prediction [9] . The χ c2 (2P)γ decay mode of ψ(4040) is likely to be observed in forthcoming experiments. The χ c0 (2P) and χ c1 (2P) states are still not established, thus, we calculate the partial decay widths of the radiative transitions ψ(4040) → χ c0 (2P)γ, χ c1 (2P)γ as functions of the masses of the χ c0 (2P) and χ c1 (2P) states in a possible region. Our results are shown in Fig. 3 . If the X(3872) is the χ c1 (2P) state, our predicted partial decay width of the process
While if the mass of χ c0 (2P) is ∼ 3840 MeV as suggested in Refs. [10, 70] , the predicted partial decay width of the process ψ(4040) → χ c0 (2P)γ is
Thus, if X(3872) is identified as χ c1 (2P) indeed, and χ c0 (2P) has a low mass of ∼ 3840 MeV, both χ c1 (2P) and χ c0 (2P) could be produced through the radiative decays of ψ (4040), and established in the J/ψγ and ψ(2S )γ final states.
η c (3S )
The η c (3S ) state is not established in experiments. According to model predictions, its mass is about 40−100 MeV lower than that of ψ(4040) [9, 10] . Thus, its mass is most likely to be in the range of 3940 − 4000 MeV. The X(3940) resonance observed by the Belle Collaboration in e + e − → J/ψX [75, 76] is a good candidate of η c (3S ) by comparing the observed decay mode, width, and mass with those predicted in theory [1] .
Considering X(3940) as the η c (3S ) state, we calculate the radiative transitions η c (3S ) → h c (1P)γ, h c (2P)γ. Our predicted partial decay widths
are relatively small. Combining the observed width of X(3940), i.e., Γ ≃ 37 MeV, we easily predict the branching fractions
The small branching ratios indicate that if X(3940) is the η c (3S ) state, it might be difficult to be observed in the radiative decay channels h c (1P)γ and h c (2P)γ. Note that we have taken the mass of h c (2P) with M h c (2P) = 3.9 GeV in the calculation. Finally, it should be mentioned that our predicted partial widths are notably smaller than those of NR and GI potential models [9] (see Tab. V).
G. Radiative transitions of 2D states
ψ(4160)
The 1 −− state ψ(4160) is commonly identified with the 2 3 D 1 state. The average experimental mass and width from the PDG are M = 4191 ± 5 MeV and Γ = 70 ± 10 MeV, respectively [4] . The ψ(4160) resonance can decay into χ cJ (1P)γ and χ cJ (2P)γ via the radiative transitions.
Considering ψ(4160) as a pure 2 3 D 1 state, we predict
Our predictions of Γ[ψ(4160) → χ c0,1 (1P)γ] are close to those of potential models [9] , however, our prediction of Γ[ψ(4160) → χ c2 (1P)γ] is about one order of magnitude larger than that of potential models [9] (see Tab. VI). It should be mentioned that the M2 transitions could give a 10 − 30% correction to the radiative decay widths by interfering with the E1 transitions. Combining the measured decay width of ψ(4160) with our predicted partial widths, we estimate the branching fractions:
The CLEO Collaboration only gave upper limits of [77] . Our predictions are in the region of the measurements. Of course, we expect that more accurate observations can be carried out in future experiments.
Furthermore, we calculate the partial decay width of
is in agreement with the predictions in various potential models [9, 78] . At the same time, we can easily estimate the branching fraction
The small branching fraction indicates that the χ c2 (2P)γ decay mode might be difficult to be observed in experiments. The χ c0 (2P) and χ c1 (2P) states are still not established, thus, we calculate the partial decay widths of the radiative transitions ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ as functions of the masses of the χ c0 (2P) and χ c1 (2P) states in a possible region. Our results are shown in Fig. 4 . From the figure, it is seen that although the partial decay widths of Γ[ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ] are sensitive to the mass of the final charmonium states, the partial decay widths are still fairly large when we take the upper limits for the masses of the final charmonium states. Thus, ψ(4160) might be a good source to be used to look for the missing χ c0 (2P) and χ c1 (2P) states via the radiative transitions ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ, which is also suggested by Li, Meng and Chao in Ref. [78] . Considering X(3872) as the χ c1 (2P) state, we predict partial decay width and branching fraction of the process ψ(4160) → χ c1 (2P)γ:
While if the mass of χ c0 (2P) is ∼ 3840 MeV as predicted in Refs. [10, 70] , the predicted partial decay width and branching fraction of the process ψ(4160) → χ c0 (2P)γ are
According to our calculations, if X(3872) is χ c1 (2P) and the mass of χ c0 (2P) is ∼ 3840 MeV indeed, these states should be easily observed in the radiative transitions ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ for their large branching fractions. To clarify the puzzles in X(3872) and χ c0 (2P), we strongly suggest our experimental colleagues carry out observations of the radiative transitions ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ in the future.
ψ 2 (2D)
The ψ 2 (2D) state is still not observed in experiments. Combined the measured mass of ψ 1 (2D) and the 2 3 D 2 − 2 3 D 1 mass splitting from the quark model [9] , the mass of ψ 2 (2D) may be about M ψ 2 (2D) ≃ 4208 MeV. The study of the radiative transitions ψ 2 (2D) → χ cJ (1P, 2P) γ may be helpful to look for ψ 2 (2D) in experiments.
According to our calculations, we find that the partial widths of Γ[ψ 2 (2D) → χ c0 (1P, 2P)γ] are negligibly small. The χ c1 (1P), χ c2 (1P) and χ c2 (2P) states are well-established, thus, we can easily predict that
which are close to the predictions of NR potential model [9] . It should be mentioned that the E3 together with the M2 transitions have obvious corrections to the partial widths by interfering with E1 transitions (see Tab. VI). The χ c1 (2P) state is still not established, thus, we calculate the partial decay width of the radiative transition ψ 2 (2D) → χ c1 (2P)γ as a function of the mass of the χ c1 (2P) state in a possible region. Our results are shown in Fig. 5 . From the figure, it is seen that ψ 2 (2D) has a large transition rate into χ c1 (2P)γ. The radiative partial width of Γ[ψ 2 (2D) → χ c1 (2P)γ] is about 100s keV, which is in agreement with the potential model predictions [9] . If X(3872) is assigned as the χ c1 (2P) state, we predict that
This ratio might be interesting to test the nature of X(3872) in future experiments.
ψ 3 (2D)
The ψ 3 (2D) state is still not established. Combined the measured mass of ψ 1 (2D) and the 2 3 D 3 − 2 3 D 1 mass splitting from the quark model [9] , the mass of ψ 3 (2D) is about We find that χ c2 (1P)γ and χ c2 (2P)γ are the dominant radiative decay channels of ψ 3 (2D). We predict their partial decay widths:
which are compatible with the potential model results [9] . The large partial width of Γ[ψ 3 (2D) → χ c2 (2P)γ] indicates that χ c2 (2P)γ might be a good channel to find the missing state ψ 3 (2D) in future experiments. Furthermore, in our calculations we find that the partial decay widths of
It should be pointed out that in these two decay processes the E1 translations are nearly forbidden. Their partial widths are mainly contributed by the E3 translations.
There is no information of η c2 (2D) from experiments. Combined the measured mass of ψ 1 (2D) and the 2 1 D 2 − 2 3 D 1 mass splitting from the quark model [9] , the mass of η c2 (2D) is M η c2 (2D) ≃ 4208 MeV. We study the typical radiative transitions η c2 (2D) → h c (1P, 2P)γ. We find that η c2 (2D) might have strong decay rates into both h c (1P)γ and h c (2P)γ channels. We predict that
where we take the mass of h c (2P) with M h c (2P) = 3900 MeV. Our predictions are in agreement with those from potential models [9] in magnitude (see Tab. VI). According to our analysis, the observations of the decay chain: η c2 (2D) → h c (2P)γ, h c (2P) → η c (1S )γ might be useful for the search for η c2 (2D) and h c (2P) in experiments.
H. Radiative transitions of 3P states
Until now, no 3P charmonium states, χ c0,1,2 (3P) and h c (3P), have been established in experiments. Their predicted masses from various quark models have large uncertainties. The possible masses of the χ c0 (3P), χ c1 (3P), χ c2 (3P), and h c (3P) are in the ranges of (4.13 − 4.30) GeV, (4.17 − 4.38) GeV, (4.20−4.39) GeV, and (4.18−4.34) GeV, respectively [9] [10] [11] . Considering the uncertainties of their predicted masses, we plot the partial radiative decay width as a function of mass in Fig. 6 . From the figure, one can see that the radiative decay properties of the 3P charmonium states are very sensitive to their masses. The EM decays of χ cJ (3P) and h c (3P) are governed by the ψ(3S )γ and η(3S )γ channels, respectively. The partial widths of the 3P charmonium states decaying into the 2S states are also sizeable. If the 3P charmonium states have a larger mass, their partial width decaying into the 2D states will become comparable to those of into the 2S states.
It is interesting to note that the new X(4350) state observed by the Belle Collaboration [80] was recommended as the χ c2 (3P) state by Liu et al. [69] . If X(4350) corresponds to χ c2 (3P), its partial decay widths decaying into the ψ(1S , 2S , 3S )γ channels are
Combining these predicted partial widths with the measured width Γ exp ≃ 13 MeV of X(4350), we can estimate the branching fractions:
The large branching fractions of B[X(4350) → ψ(2S , 3S )γ] indicate that X(4350) should be observed in the ψ(3S )γ and ψ(2S )γ channels. Furthermore, as a candidate of χ c2 (3P) the radiative transition rate of X(4350) → ψ 3 (2D)γ should be sizeable. Our predicted partial width and branching fraction are
Thus, if the X(4350) state is the χ c2 (3P) state indeed, X(4350) might provide us a good source to look for the missing state ψ(2 3 D 3 ) via its radiative transition. If X(4350) is identified as the χ c2 (3P) state, its mass is very close to the predictions of GI potential model, thus, the masses of χ c0 (3P), χ c1 (3P) and h c (3P) might be ∼ 4.33 GeV [9] . To compare our predictions of the radiative transition properties of the 3P states with the potential models', in Tab. V we further list our results predicted with the masses from GI, NR [9] , and SNR [10] potential models, respectively. It is found that the dominant decay channels predicted by us are consistent with those of potential models, although our predicted values show some obvious differences from those models'.
V. SUMMARY
In the constituent quark model framework, we systematically study the EM transitions of nS , nP (n ≤ 3), and nD (n ≤ 2) charmonium states. Without introducing any free parameters, we obtain a reasonable description of the EM transitions of the well-established low-lying charmonium states J/ψ, ψ(2S ), χ cJ (1P), h c (1P) and ψ(3770). It should be emphasized that the M2 transitions might give obvious corrections to some E1 dominant processes by interfering with the E1 transitions. We summarize our major results as follows.
For the radiative transition J/ψ → η c (1S )γ, there still exist puzzles in both theory and experiments. Our prediction of Γ[J/ψ → η c (1S )γ] ≃ 1.25 keV is consistent with the average experimental data from the PDG [4] , and the calculations with a relativistic quark model [24] . However, the calculations from potential models [9] and a recent lattice QCD approach [15] gave a large partial decay width, which is consistent with the recent measurements at KEDR Γ[J/ψ → η c (1S )γ] ≃ 2.98 keV [54] . To clarify the discrepancies between different experiments and test various model predictions, more accurate observations of the J/ψ → η c (1S )γ transition are needed in future experiments.
For the radiative transitions of 2S states, only some measurements for ψ(2S ) can be obtained until now. About the radiative transitions of η c (2S ) it is found that our predictions have notable differences from the other predictions. While, our predictions about ψ(2S ) are comparable to the experimental observations and other model predictions. The partial width ratios for ψ(2S ),
, have a strong model dependence. These partial width ratios for ψ(2S ), and the radiative transitions of η c (2S ) → h c (1P)γ, J/ψγ are worth to measuring to test various theoretical approaches.
For the radiative transitions of 1P charmonium states, our predictions are in reasonable agreement with the observations. There are large discrepancies between different model predictions of Γ[h c (1P) → η c γ], however, the present world data can not be used to test the various predictions for their large uncertainties. We hope more accurate measurements of the total decay widths of χ c2 (1P) and h c (1P), together with the observations of the χ c2 (1P) → J/ψγ and h c (1P) → η c γ processes can be carried out in future experiments.
For the radiative transitions of 1D charmonium states ψ(3770) and X(3823), our predictions are consistent with the observations. For the missing 1D charmonium states η c2 (1D) and ψ 3 (1D), they have large radiative transition rates into h c (1P)γ and χ c2 (1P)γ, respectively. Their corresponding par- Taking the ψ(4160) as a pure ψ 1 (2D) state, we calculate its radiative transition properties. We predict that the radiative transition rates of ψ(4160) into the 2P states χ c0,1 (2P) are fairly large, the branching ratios of B[ψ(4160) → χ c0,1 (2P)γ] are about 10 −2 − 10 −3 . Thus, ψ(4160) might be a very good source to be used to look for the missing χ c0 (2P) and χ c1 (2P) states via the radiative transitions ψ(4160) → χ c0 (2P)γ, χ c1 (2P)γ. For the missing 2D states ψ 2 (2D), ψ 3 (2D) and η c2 (2D), we find that their partial widths
are relatively large ( about 100s keV). It is possible to establish the missing states ψ 2 (2D), ψ 3 (2D) and η c2 (2D) in the radiative decay chains (1S ) γγ, respectively. The radiative decay properties of the 3P charmonium states are very sensitive to their masses. The EM decays of χ cJ (3P) and h c (3P) are governed by the ψ(3S )γ and η(3S )γ channels, respectively. The partial widths of the 3P charmonium states decaying into the 2S states are also sizeable. The partial decay widths for the transitions χ cJ (3P) → ψ(3S )γ and h c (3P) → η(3S )γ are about 10s − 100s of keV. Thus, the observations of the missing 3P charmonium states in the ψ(3S )γ and η(3S )γ channels are necessary in experiments. Furthermore, taking the newly observed resonance X(4350) as χ c2 (3P) as suggested by Liu et al. [69] , we find that the branching ratios of B[X(4350) → ψ(3S )γ] and B[X(4350) → ψ(2S )γ] are ∼ 10 −2 and ∼ 10 −3 , respectively. The X(4350) resonance is most likely to be observed in the ψ(2S , 3S )γ channels. We also find X(4350) has a large branching ratio B[X(4350) → ψ 3 (2D)γ] ≃ 2.4 × 10 −3 , thus, X(4350) might provide us a good source to look for the missing ψ 3 (2D) via its radiative transition.
Finally, it should be pointed out that the harmonic oscillator wave functions used by us might bring some uncertainties to our predictions. Furthermore, the couple-channel effects (i.e., the intermediate hadronic meson loops) might provide important corrections to the EM decay properties of the charmonium states lying above the open charm thresholds [57] , which might affect our conclusions of the higher charmonium states. Our quark model approach is also used to study the EM decay properties of bottomonium states. For clarity, our results about the bottomonium states will be reported in another work. V: Partial widths (keV) for the radiative transitions whose initial and/or final charmonium states have not been established. In the calculations, the masses of these well-established states are taken the average values from the PDG. While, the masses of the missing charmonium states are adopted the NR, GI and SNR potential model predictions, which correspond to our three quark model predictions QM 1 , QM 2 and QM 3 , respectively, for each radiative transition. For comparison, the predictions from the NR and GI models [9] and SNR model [10] are listed in the Partial widths (keV) for the radiative transitions of unestablished D-wave charmonium states. In the calculations, the masses of these well-established states are taken the average values from the PDG. While, the masses of the missing charmonium states are adopted the NR, GI and SNR potential model predictions, which correspond to our three quark model predictions QM 1 , QM 2 and QM 3 , respectively, for each radiative transition. For comparison, the predictions from the relativistic quark model [24] , NR and GI models [9] , and SNR model [10] are listed in the 
